Abstract: Let k = Q( 
Introduction
Let Γ = Q( 
3 be the Hilbert 3-class field of k, and C k,3 be the 3-component of the class group of k. A number of researchers have considered the study of the 3-class group C k,3 , as well as to the calculation of it's rank . Calegari and Emerton [3, Lemma 5.11] proved that the rank of the 3-class group of Q( 3 √ p, ζ 3 ), with p ≡ 1 (mod 9), is equal to two if 9 divides the class number of Q( 3 √ p). The converse of the Calegari-Emerton's result was proved by Frank Gerth III in [7, Theorem 1, p.471 ]. The purpose of this paper is to find out all integers d such that C k,3 is of type (9, 3) , it characterizes the fields k whose the Galois group Gal k
3 /k is isomorphic to Z/9Z × Z/3Z. This study is pouring in the same stream of the previous studies [3] and [7] . As a matter of fact, we will demonstrate the following main Theorem: 1) If the field k has a 3-class group of type (9, 3) , then d = p e , where p is a prime number such that p ≡ 1 (mod 9) and e = 1 or 2.
2) If p is a prime number congruent to 1 (mod 9), and if 9 divides the class number of Γ exactly and u = 1, then the 3-class group of k is of type (9, 3).
where u is an index of units that will be defined in the notations.
To consult numerical examples using the Pari programming [12] , see page 8. In this paper, we state only those results that we will need later, a more results on the 3-class groups can be found in [5] and [6] . For the prime factorization in the pure cubic field Q(
, we refer the reader to the papers [4] , [1] , [2] and [11] , and for the ideal factorization rules of the third cyclotomic field Q(ζ 3 ), we refer the reader to [10] . We give the usual notations which the work is based on as follows:
• The little p will be design a prime number congruent to 1 (mod 3) and the little q design a prime number congruent to −1 (mod 3);
: a pure cubic field, where d is a cubic-free natural number;
, where ζ 3 = e 2iπ/3 ;
: the normal closure of Γ;
• Γ and Γ : the two cubic fields conjugate of Γ contained in k;
• u : the index of the sub-group E 0 generated by the units of intermediate fields of the extension k/Q in the group of units of k;
• λ = 1 − ζ 3 is a prime of k 0 ;
• q * = 0 or 1 according to ζ 3 is not norm or norm of an element of k\{0};
• t : the number of primes ramifies in k/k 0 ;
• For an algebraic number field L:
3 : the Hilbert 3-class field of L; -L * : the absolute genus field of L.
2 Fields Q( 3 √ d, ζ 3 ) whose 3-class group is of type (9, 3)
Preliminary results
In chapter 7 of [9] , Ishida has given explicitly the genus field of any pure field. For the pure cubic field Γ = Q(
, with d is a cubic-free natural number, we have the following Theorem:
be a pure cubic field, where d is a cubic-free positive integer, and let p 1 , ...., p r be all prime divisors of d such that p i is congruent to 1 (mod 3) for each i ∈ {1, 2, ..., r}. Let Γ * be the absolute genus field of Γ, then:
The genus number is g Γ = 3 r .
Remark 2.1. 1) If there is no prime p ≡ 1 (mod 3) divides d, i.e. r = 0 then Γ * = Γ. 2) ∀r ≥ 0, Γ * is contained in the Hilbert 3-class field Γ.
3) The cubic field M (p) is determined explicitly by Proposition 1 of [8] .
Assuming h Γ is exactly divisible by 9. The absolute genus field Γ * can be explicitly constructed as follows:
be a pure cubic field, where d is a cubic-free positive integer, If h Γ is exactly divisible by 9, then there are at most two primes congruent to 1 (mod 3) dividing d.
Proof. If p 1 , ..., p r are all prime numbers p ≡ 1 (mod 3) dividing d, then 3 r |h Γ . Therefore, if h Γ is exactly divisible by 9, then r = 2. So there are two primes p 1 and p 2 dividing d such that p i ≡ 1 (mod 3) with i ∈ {1, 2}, or there is only one prime p ≡ 1 (mod 3) with p|d, or there is no prime p ≡ 1 (mod 3) such that p|d.
be a pure cubic field, where d is a cubic-free positive integer. If h Γ is exactly divisible by 9 and if the integer d is divides by two primes p 1 and p 2 such that
Proof. If h Γ is exactly divisible by 9 and d is divisible by two prime numbers p 1 and p 2 which are congruent to 1 (mod 3), then g Γ = 9 so Γ * = Γ
can be deduced by the fact that in the general case we have
where p i , for each 1 ≤ i ≤ r, is a prime divisor of d such that p i ≡ 1 (mod 3), and from the fact that h Γ is exactly divisible by 9, we conclude that h Γ is exactly divisible by 9 and h Γ is exactly divisible by 9 because Γ, Γ and Γ are isomorphic. Moreover,
. Now, let u be the index of units defined in the above notations. Assuming h Γ is exactly divisible by 9 and u = 1. Then, according to Theorem 14.1 of [1] , h k is exactly divisible by 27. The structure of the 3-class group C k,3 will be known by the following Lemma: Lemma 2.3. Let Γ be a pure cubic field, k it's normal closure and u be the index of unites defined in the notations above, then:
To consult numerical examples using the Pari programming [12] , see page 8.
, then u = 1 because otherwise 27 will be a square in N, witch is a contradiction. Then h 2 Γ,3 = 3 4 and then h Γ,3 = 9. According to Lemma 2.1 and Lemma 2.2 of [6] , we have
is of type (9, 3), we deduce that C − k,3 is a cyclic 3-group of order 3 and C + k,3 is a cyclic 3-group of order 9. Therefore:
Reciprocally, assume that u = 1 and
Proof of Theorem 1.1
1)
We first write the integer d in the form given in Equation (3.2) of [6] :
where p i and q i are positive rational primes such that:
Assume that the 3-class group C k,3 is of type (9, 3), then by Lemma 2.3 the unit index u is equal to 1, so according to Theorem 15.6 in pages 235 and 236 of [1] , the fields Γ and k are of Type III, so e H = 1, where e H is the number of principal factorization of k/k 0 defined in [1] . According to Corollary 13.1.1 on page 231 of [1] we have:
where m H = 1 or 0 according to the solvability of a relative cubic analog of the Pell equation of norm −1,
where N k|k 0 is the relative norm defined as follows:
and E k is the group of units of k.
Since m H = 0, the above Equation (2) 
On one hand, suppose that d is not divisible by any rational prime p such that p ≡ 1 (mod 3); i.e. w = 0. According to Theorem 5.1 of [6] we have C k,3 C Γ,3 × C Γ,3 , since the 3-group C k,3 is of type (9, 3), then |C k,3 | = 3 3 and from Lemma 2.3 C Γ, 3 Z/9Z, we get |C Γ,3 × C Γ,3 | = 3 4 which is a contradiction. Hence, the integer d is divisible by at least one rational prime p ≡ 1 (mod 3). Since all prime divisors of d are = 3 or ≡ ±1 (mod 9), then the integer d is divisible by at least one rational prime p ≡ 1 (mod 9).
On the other hand, the fact that the 3-class group C k,3 is of type (9, 3) imply according to Lemma 2.3, that C Γ, 3 Z/9Z. Since h Γ is exactly divisible by 9, then according to Lemma 2.1, there are at most two primes congruent to 1 (mod 9) dividing d. Assume that there are exactly two different primes p 1 and p 2 dividing d such that p 1 ≡ p 2 ≡ 1 (mod 9), then, according to Lemma 2.2
3 over Γ of degree 3. According to class field theory, we have
3 /Γ is a cyclic 3-group, then there exist only one sub-group of Gal Γ (1) 3 /Γ of order 3, and by using the Galois correspondence, there exist a unique sub-field of Γ (1) 3 over Γ of degree 3. We conclude that Γ.M (p 1 ) = Γ.M (p 2 ), so M (p 1 ) = M (p 2 ), which contradict our hypothesis. Thus, M (p 1 ) = M (p 2 ), and then p 1 = p 2 , which contradict the fact that p 1 and p 2 are two different primes. Hence, there is exactly one prime congruent to 1 (mod 9) which divides d. Then the integer d will be written in the following form:
with p 1 ≡ −q i ≡ 1 (mod 9), where p 1 , q i , e, e 1 and f i are defined in Equation (1).
Next, let C (σ) k,3 be the ambiguous ideal class group of k/Q(ζ 3 ), where σ is a generator of Gal (k/Q(ζ 3 )). Since the 3-class group C k,3 is of type (9, 3) , then rank C (σ) k,3 = 1. In fact, for
If we denote by C k 0 ,3 the Sylow 3-subgroup of the ideal class group of k 0 , C k 0 ,3 = {1}, and by the exact sequence :
The fact that C 
Let s be the positive integer such that C
and C
. Then:
where l ∈ N, and we have
Since |C k,3 | = 3 3 , then we have two possibilities:
• l = 3 and s = 1;
• l = 1 and s = 3.
Assume that l = 3 and s = 1, then |C
k,3 is of type (9, 3), which contradict the fact that C (σ) k,3 is an elementary abelian 3-group. Thus l = 1 and s = 3. Then |C
Since rank C where w and J are the integers defined in Equation (1). We will treat each case alone as following:
Case 1: We have 2w + J = 1, then w = 0 and J = 1. This case is impossible because we have shown above that the integer d is divisible by one prime number congruent to 1 (mod 3) and more precisely congruent to 1 (mod 9).
Case 2:
We have 2w + J = 2, then w = 1 and J = 0, which imply that d = 3 e p e 1 1 , where p 1 is a prime number such that p 1 ≡ 1 (mod 9), e ∈ {0, 1, 2} and e 1 ∈ {1, 2}. Then:
with p 1 ≡ 1 (mod 9).
where e, e 1 ∈ {1, 2}. 1 , where p 1 ≡ 1 (mod 9), q 1 ≡ −1 (mod 9), e ∈ {0, 1, 2} and e 1 , f 1 ∈ {1, 2}. Then:
we have d ≡ ±3 e ≡ ±1 (mod 9), so we have necessary e = 0.
Then the integer d will be written in the form d = p
According to [5] , rank C (σ) k,3 = t−2+q * , where t and q * are defined in the notations. In the one hand, the fact that rank C 1 with p 1 ≡ 1 (mod 9) and q 1 ≡ −1 (mod 9). According to [10] and [4] (see also [1] , [2] or [11] ) we have q 1 is inert in k 0 and q 1 is ramifed in Γ = Q(
, then 3 is ramifed in Γ, and 3O k 0 = (λ) 2 where λ = 1 − ζ 3 . Since p 1 ≡ 1 (mod 3), then p 1 = π 1 π 2 where π 1 and π 2 are two primes of k 0 such that π 2 = π τ 1 , the prime p 1 is ramifed in Γ, then π 1 and π 2 are ramified in k. Hence, the number of prime ideals which are ramified in k/k 0 is t = 4, which contradicts the fact that t = 2 or 3.
Hence, the integer d will be written in case 3 in the form:
with p 1 ≡ −q 1 ≡ 1 (mod 9) and e 1 , f 1 ∈ {1, 2}.
We summarize all forms of integer d in the three cases 1, 2 and 3 as follows:
with p 1 ≡ 1 (mod 9). 3 e p e 1 1 ≡ ±1 (mod 9) with p 1 ≡ 1 (mod 9) p
with p 1 ≡ −q 1 ≡ 1 (mod 9).
where e, e 1 , f 1 ∈ {1, 2}.
Our next goal is to show that the unique possible form of the integer d is d = p e 1 1 , where p 1 ≡ 1 (mod 9) and e 1 = 1 or 2.
• Case where d = 3 e p e 1 1 ≡ ±1 (mod 9), with p 1 ≡ 1 (mod 9): Here e, e 1 ∈ {1, 2}. As Q(
, we can choose e 1 = 1, i.e. d = 3 e p 1 with e ∈ {1, 2}. In the one hand, the fact that p 1 ≡ 1 (mod 3) imply that p 1 = π 1 π 2 with π τ 1 = π 2 and π 1 ≡ π 2 ≡ 1 (mod 3O k 0 ), the prime p 1 is totally ramified in Γ, then π 1 and π 2 are totally ramified in k and we have π 1 O k = P 3 1 and π 2 O k = P 3 2 , where P 1 , P 2 are two prime ideals of k. We know that 3O k = λ 2 O k , with λ = 1 − ζ 3 a prime element of k 0 . Since d ≡ ±1 (mod 9), then 3 is totally ramified in Γ, and then λ is ramified in k/k 0 . Hence, the number of ideals which are ramified in k/k 0 is t = 3. In the other hand, since 3 = −ζ 2 3 λ 2 , then k = k 0 ( 3 √ x) with x = ζ 2 3 λ 2 π 1 π 2 , since the primes π 1 and π 2 are congruent to 1 (mod λ 3 ), then according to section 5 of [5] ζ 3 is a norm of an element of k\{0}, so q * = 1 and since t = 3, we conclude that rank C • Case where d = p
Since d ≡ ±1 (mod 9), then according to [4] the prime 3 is not ramified in the field Γ, so λ = 1 − ζ 3 is not ramified in k/k 0 . As p 1 ≡ 1 (mod 3), then p 1 = π 1 π 2 with π τ 1 = π 2 and π 1 ≡ π 2 ≡ 1 (mod 3O k 0 ), so π 1 and π 2 are totally ramified in k. Since q 1 ≡ −1 (mod 3), then q 1 is inert in k 0 . Hence, the primes ramifies in k/k 0 are π 1 , π 2 and q 1 . Put x = π Finally, we have shown that if the 3-class group C k,3 is of type (9, 3), then d = p e , where p is a prime number such that p ≡ 1 (mod 9) and e = 1 or 2.
2) Suppose that d = p e , with p is a prime number congruent to 1 (mod 9). Here e ∈ {1, 2}, since Q( 3 √ p) = Q( 3 p 2 ) we can choose e = 1. From the fact that u = 1 and that h Γ is exactly divisible by 9 imply according to Theorem 14.1 of [1] that h k is exactly divisible by 27. Since h Γ is exactly divisible by 9, then by Lemma 5.11 of [3] we have rank C k,3 = 2. Hence, C k,3 Z/9Z × Z/3Z.
Numerical examples
Let Γ = Q( 3 √ ab 2 ) be a pure cubic field, where a and b are two co-prime such that ab is squarefree integers, we note that Q( . Assume that C k,3 is of type (9, 3) . Using the programming Pari [12] , we obtain a = 1 and b is a prime number such that b ≡ 1 (mod 9). The following table illustrate our main Theorem 1.1 and Lemma 2.3. Here we denote by:
C Γ (resp. C k ) : the class group of Γ (resp. of k); h Γ (resp. h k ) : the class number of Γ (resp. of k).
